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1 Introduction 

Many infinite-dimensional Lie groups G can be expressed as the union G = 
UneN G n of a sequence G\ C G% Q • • ■ of (finite- or infinite-dimensional) 
Lie groups, such that the inclusion maps j n : G n — » G and j m ,n ■ G n — » G m 
(for n < m) are smooth homomorphisms. Typically, the steps G n are Lie 
groups of a simpler type, and one hopes (and often succeeds) to deduce results 
concerning G from information available for the Lie groups G n . 

The goals of this article are twofold: 

• To survey general results on ascending unions of Lie groups and their 
properties; 

• To collect concrete classes of examples and explain how the general theory 
specializes in these cases. 

One typical class of examples is given by the groups Diff c (M) of smooth diffco- 
morphisms 0: M — > M of cr-compact, finite-dimensional smooth manifolds M 
which are compactly supported in the sense that the set {x G M : 4>{x) ^ x} 
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has compact closure. The group operation is composition of diffeomorphisms. 
It is known that Diff c (M) is a Lie group (see [Mc80| or |G102dj ) . Furthermore, 

Diff c (M) = |J DiS Kn (M) 

for each exhaustion K± C K% Q • ■ ■ of M by compact sets (with K n in the in- 
terior of K n+ i), where Diff (M) is the Lie group of smooth diffeomorphisms 
of M supported in K n . The manifold structure of Diff c (M) is modelled on the 
space V C (M) of compactly supported smooth vector fields, which is an LF- 
space with a complicated topology. By contrast, Di&K n (M) is modelled on 
the space Vk„ (M) of smooth vector fields supported in K n , which is a Frechet 
space. Many specific tools of infinite-dimensional calculus can be applied to 
Vk»(M), e.g. to clarify differentiability questions for functions on this space. 

In other typical cases, each G n is finite-dimensional (a particularly well- 
understood situation) or modelled on a Banach space, whence again special 
tools are available to deal with the Lie groups G n (but not a priori for G). 

Besides diffeomorphism groups, we shall also discuss the following major 
classes of examples (described in more detail in Section [5]): 

• The "test function groups" C c °°(Af, H) = U„ eN C K n i M ' H ) of compactly 
supported Lie group-valued smooth mappings on a tr-compact smooth 
manifold M = \J n<m K n \ 

• Weak direct products IlneN H ™ ■= U„eN Hk=i H k of Lie groups H n ; 

• Unions A x = UneN °f un ^ groups of Banach algebras A\ C A<x C • • • ; 

• The groups Germ(i^, H) of germs of analytic mappings on open neigh- 
bourhoods of a compact subset K of a metrizable complex locally convex 
space, with values in a complex Banach-Lie group H. 

• The group H^(K,F) = \J t>s H f (K, F) = {J n£N H s +i (K, F), where K 
is a compact smooth manifold, s > dim(if)/2, F a finite-dimensional Lie 
group, and H*(K, F) C C(K, F) the integral subgroup whose Lie algebra is 
the Sobolev space L(F)) of functions with values in the Lie algebra 
L(F) of F. 

For s = dim(i^)/2, the Lie group H^ S (K,F) is particularly interesting, 
because a Hilbert-Lie group H S (K,F) is not available in this case. In some 
situations, H^ S (K, F) may serve as a substitute for the missing group. 

We shall also discuss the group GermDiff (K, X) of germs of analytic diffeo- 
morphisms 7 around a compact set if in a finite-dimensional complex vector 
space X, such that j\k = idif. This group is not considered as a union of 
groups, but as a union of Banach manifolds Mi C Mi C • • • . 

Among others, we shall discuss the following topics in our general setting 
(and for the preceding examples): 

• Direct limit properties of ascending unions; 

• Homotopy groups of ascending unions; 
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• When ascending unions are regular Lie groups in Milnor's sense; 

• Questions concerning subgroups of ascending unions. 

We now describe the main problems and questions in more detail, together 
with some essential concepts. As a rule, references to the literature, answers 
(and partial answers) will only be given later, in the actual article. 

1.1 Direct limit properties of ascending unions 

Consider a Lie group G which is an ascending union G = UneN ^« °f Lie 
groups, and a map / : G —* X. It is natural to ask: 

(a) If X is a smooth manifold (modelled on a locally convex space) and / |g„ 
is smooth for each n £ N, does it follow that / is smooth? 

(b) If X is a topological space and f\a„ is continuous for each n £ N, does it 
follow that / is continuous? 

(c) If X is a Lie group, / is a homomorphism of groups and / |g„ is smooth 
for each n £ N, does it follow that / is smooth? 

(d) If X is a topological group, / is a homomorphism and /|g„ is continuous 
for each n £ N, does it follow that / is continuous? 

As we shall see, (a) and (b) are frequently not true (unless compactness 
can be brought into play), while (c) and (d) hold for our typical examples. 

The preceding questions can be re-cast in category-theoretic terms: They 
amount to asking if G is the direct limit lim G n in the categories of smooth 
manifolds, topological spaces, Lie groups, resp., topological groups (see [2.8)1 . 
The relevant concepts from category theory will be recalled in Section [2J 

Questions (b) and (d) can be asked just as well if G and each G n merely is 
a topological group, and each inclusion map is a continuous homomorphism. 
Essential progress concerning direct limits of topological groups and their 
relations to direct limits of topological spaces were achieved in the last ten 
years, notably by N. Tatsuuma, E. Hirai, T. Hirai and N. Shimomura (see 
|TSH98j and [HST01Q as well as A. Yamasaki jYa98) . In Section H we recall 
the most relevant results. 

1.2 Existence of direct limit charts an essential hypothesis 

Meaningful results concerning the topics raised above can only be expected 
under additional hypotheses. For instance, our general setting includes the 
situation where each G n is discrete but G is not (as we only assume that the 
inclusion maps G n —> G are smooth) . In this situation, algebraic properties of 
the groups G n (like simplicity or perfectness) pass to G, but we cannot expect 
to gain information concerning the topological or differentiable structure of G 
from information on the groups G n . 

A very mild additional hypothesis is the existence of a direct limit chart. 
Roughly speaking, this is a chart of G juxtaposed from charts of the Lie 
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groups G„. The formal definition reads as follows (cf. |G107b[ Definition 2.1]): 

Definition. A Lie group G = UneN ^ n IS sa ^ ^° admit a weak direct limit 
chart if there exists no G N, charts cf> n : U n — * V n from open identity neigh- 
bourhoods U n C G n onto open O-neighbourhoods V n C L(G„) in the tangent 
space L(G„) := Ti(G n ) at 1 for n > no and a chart (f>: U ^ V from an open 
identity neighbourhood U C G onto an open O-neighbourhood C L(G), 
such that 

(a) {J = (Jn>n ^ n anc ^ ^™ — ^"+1 f° r eacn integer n > no; and 

(b) (/>n+i\u n = L(j n+ i, n ) o n and 0] cr„ = L(j' n ) o (f> n for each n > n . 

If, furthermore, L(G) = lim L(G„) as a locally convex spaced then G = 

UneN * s sa ^ t° admit a direct limit chart. 

Note that (b) implies that the linear maps L(j„) and L(j n +i, n ) are injec- 
tive on some O-neighbourhood and thus injective. Hence, identifying L(G„) 
with its image under L(j' n ) in L(G), we can re- write (b) as 

( b )' 0kn = 0n and 4>n+l\u n = 4>n, for each n > n . 

Furthermore, we now simply have V — U n >n 

To assume the existence of a direct limit chart is a natural requirement, 
which is satisfied by all of our main examples. It provides a link between the 
topologies (resp., manifold structures) on G and the Lie groups G„, and will 
be encountered in connection with most of the topics from above. 

1.3 Homotopy groups of ascending unions of Lie groups 

Given a Lie group G = UneN^"' ^ is natural to ask if its fc-th homotopy 
group can be calculated in terms of the homotopy groups i^k{G n ) in the form 

7T fe (G) = lim7T fe (G„), (1) 

for each € No. This is quite obvious if G = UneN is compactly regular in 
the sense that each compact subset K of G is a compact subset of some G n 
(see |G108bl Proposition 3.3]; cf. |G105bl Remark 3.9] and [Ne04cl Lemma A.7] 
for special cases, as well as works on stable homotopy theory and if-theory). 

There is another, non-trivial condition: If G = {J n£ ^G„ admits a weak 
direct limit chart, then ([T]) holds |G108b[ Theorem 1.2]. A variant of this 
condition even applies if lJ„ 6N G n is merely dense in G (see Theorem 1.13 
in |G108bj ). Moreover, ascending unions can be replaced with directed unions 
over uncountable families, and Lie groups with manifolds (see Section [9]). 
These results are based on approximation arguments. Analogous results for 
open subsets of locally convex spaces are classical [Pa66 . 

We mention that knowledge of 7To(G) = G/Go, the fundamental group 
7Ti(G) and ^(G) is essential for the extension theory of G. It is needed to 

1 Here, we use the bonding maps L(j mj „) : L(G„) — ► L(G m ) and the limit maps 
L(j„): L(G„) — L(G). 
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understand the Lie group extensions l^A^G^G^loiG with abelian 
kernel, by recent results of K.-H. Neeb (see |Ne02bj . [Ne04bj . and |Ne07j ). 

1.4 Regularity in Milnor's sense 

Roughly speaking, a Lie group G (modelled on a locally convex space) is called 
a regular Lie group if all differential equations on G which are of relevance for 
Lie theory can be solved, and their solutions depend smoothly on parameters. 
To make this more precise, given g,h G G and v G Th{G) let us write g ■ v :— 
(Th\g)(v) G T g h(G), where X g : G — > G, x i— > gx denotes left translation by g. 

Definition. A Lie group G modelled on a locally convex space is called a 
regular Lie group (in Milnor's sense) if for each smooth curve 7 : [0, 1] — > L(G), 
there exists a (necessarily unique) smooth curve r\ — r\ 1 : [0, 1] — > G (a so-called 
"product integral") which solves the initial value problem 

r?(0) = 1 (2) 
<q'{t) = rj(t) ■ 7 (t) for all t G [0, 1] (3) 

(with 1 e G the identity element), and the "evolution map" 

evol: G°°([0,1],L(G)) -> G, evol( 7 ) := r? 7 (l) (4) 

is smooth (see |Mr84] . |GN08j and |Ne06j ). Regularity is a useful property, 
which provides a link between G and its Lie algebra. In particular, regularity 
ensures the existence of a smooth exponential map exp G : L(G) — » G, i.e., a 
smooth map such that, for each v G L(G), 

7„ : R — * G , 1 1— > exp G (to) 

is a homomorphism of groups with initial velocity 7^,(0) = v (cf. |Mr84| ) . 

The modelling space E of a regular Lie group is necessarily Mackey 
complete in the sense that the Riemann integral j(t) dt exists in E for each 
smooth curve 7: M — ► £7 (cf. Lemma A. 5 (1) and p. 4 in NW07J). Lie groups 
modelled on non-Mackey complete locally convex spaces need not even have 
an exponential map. For example, this pathology occurs for group G = A x 
of invertible elements in the normed algebra A C C[0, 1] of all restrictions to 
[0, 1] of rational functions without poles in [0, 1] (with the supremum norm). 
Because A x is an open subset of A, it is a Lie group, and it is not hard to 
see that a smooth homomorphism j v : K — ► A x with 7'(0) = v exists for 
v G A = L(A X ) only if v is a constant function [G102c( Proposition 6.1]. 
Further information concerning Mackey completeness can be found |KM97j . 

At the time of writing, it is unknown whether non-regular Lie groups 
modelled on Mackey complete locally convex spaces exist. However, there 
is no general method of proof; for each individual class of Lie groups, very 
specific arguments are required to verify regularity. 
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It is natural to look for conditions ensuring that a union G = U„eN ^« 1& 
a regular Lie group if so is each G„. Already the case of finite-dimensional 
Lie groups G n is not easy [G105 b| . In Section [5J we preview work in progress 
concerning the general case. We also describe a construction which might lead 
to non-regular Lie groups (Proposition 18. 7[) . The potential counterexamples 
are weak direct products of suitable regular Lie groups. 

1.5 Subgroups of direct limit groups 

It is natural to try to use information concerning the subgroups of Lie 
groups G n to deduce results concerning the subgroups of a Lie group G = 
UneN (*n- Aiming at a typical example, let us recall that a topological group G 
is said to have no small subgroups if there exists an identity neighbourhood 
U C G containing no subgroup of G except for the trivial subgroup. Although 
finite-dimensional (and Banach-) Lie groups do not have small subgroups, al- 
ready for Frechet-Lie groups the situation changes: The additive group of the 
Frechet space R N has small subgroups. In fact, every O-neighbourhood con- 
tains ]— r, r[ n xR{ n+1 ' n+2 '---} for some n £ N and r > 0. It therefore contains 
the non-trivial subgroup {0} x jj{» 1 + 1 ^™+ 2 ! - }_ 

It is natural to ask whether a Lie group G = UneN does not have small 
subgroups if none of the Lie groups G n has small subgroups. In Section ITUl 
we describe the available answers to this question, and various other results 
concerning subgroups of direct limit groups. 

1.6 Constructions of Lie group structures on ascending unions 

So far, we assumed that G is already equipped with a Lie group structure. 
Sometimes, only an ascending sequence G\ C G 2 Q ■ • • of Lie groups is given 
such that all inclusion maps G n — > G n+ i are smooth homomorphisms. It is 
then natural to ask whether the union G = UneN G n can be given a Lie group 
structure making each inclusion map G n — ■> G a smooth homomorphismo We 
shall also discuss this complementary problem (in Section [SJ. If each G„ is 
finite-dimensional, then a Lie group structure on G is always available. 

1.7 Properties of locally convex direct limits 

To enable an understanding of direct limits of Lie groups, an understanding 
of various properties of locally convex direct limits is essential, i.e., of direct 
limits in the category of locally convex spaces. For instance, we shall see that 
if a Lie group G = UneN ^« admits a direct limit chart, then G — limG„ as 

a topological space if and only if L(G) = lim L(G„) as a topological space. 
The latter property is frequently easier to prove (or refute) than the first. 



2 Or even making G the direct limit lim G n in the category of Lie groups. 
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Also compact regularity of G (as in 11.31 above) can be checked on the level of 
the modelling spaces (see Lemma RTT1) . Another property is useful: Consider a 
locally convex space E which is a union lJ„ eN E n of locally convex spaces, such 
that all inclusion maps are continuous linear maps. We say that E is regular (or 
boundedly regular, for added clarity) if every bounded subset of E is a bounded 
subset of some E n . If one wants to prove that a Lie group [J n G n is regular 
in Milnor's sense, then it helps a lot if one knows that L(G) = [j L(G„) is 
compactly or boundedly regular (see Section [5]). 

1.8 Further comments, and some historical remarks 

The most typical examples of direct limits of finite-dimensional Lie groups 
are unions of classical groups like GL QO (C) = U ragN GL n (C) and its sub- 
groups GL oc (R) = U„ eN GL„(M), OooOR) = U„eN°«( R ) and U °°( C ) = 
|J ngN U n (C), where A £ GL„(C) is identified with the block matrix 




in GL„ + i(C). Thus GLoo(C) is the group of invertible matrices of countable 
size, which differ from the identity matrix only at finitely many entries. 

Groups of this form (and related ascending unions of homogeneous spaces) 
have been considered for a long time in (stable) homotopy theory and K- 
theory. Furthermore, results concerning their representation theory can be 
traced back to the 1970s (more details are given below). However, only the 
group structure or topology was relevant for these studies. Initially, no attempt 
was made to consider them as Lie groups. 

The Lie group structure on GLoo(C) was first described in |Mr82| and 
that on Uoo(C) and Ooo(R) mentioned (cf. also page 1053 in the survey 
article Mr84j). The first systematic discussion of direct limits of finite- 
dimensional Lie groups was given in . NRW91] and [NRW93j . Notably, a 
Lie group structure on G = lim G n was constructed there under technical 
conditions which ensure, in particular, that 

lim exp Gn : lim L(G„) — > limG„, x <— » exp Gn (a;) for all n € N, x G L(G n ) 

is a local homeomorphism at (see Section [5] for the sketch of a more general 
construction from |G105bj ). Moreover, situations were described in |NRW93| 
where ascending unions of Lie groups (or the corresponding Lie algebras) 
can be completed with respect to some coarser topology. Also the Lie group 
C™(M,H) = U nFN Gg ? (M,ff) is briefly discussed in |NBW93j (for finite- 
dimensional H) , and in [A.HK93] . Test function groups with values in possibly 
infinite-dimensional Lie groups were treated in |G102bj . Compare |ACM89j 
for an early discussion of gauge groups and automorphism groups of principal 
bundles over non-compact manifolds in the incquivalent "Convenient Setting" 
of infinite-dimensional calculus (cf. also K M97j ). 
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The first construction of the Lie group structure on Diff c (M) was given 
in |Mc80j , as part of a discussion of manifold structures on spaces of mappings 
between non-compact manifolds. Groups of germs of complex analytic 
diffeomorphisms of C ra around were studied in |Pi77j . The real analytic 
analogue was discussed in [Le94] , groups of germs of more general diffeomor- 
phisms in [KROlj . Further recent works will be described later. 

It should be stressed that the current article focusses on direct limit groups 
as such, i.e., on their structure and properties. Representation theory and 
harmonic analysis on such groups are outside its scope. For completeness, we 
mention that the study of (irreducible) unitary representations of ascending 
unions of finite groups started in the 1960s (see |Th64aj and |Th6 4bj). notably 
for the symmetric group Soo := lim<S„. Representations of direct limits of 
finite-dimensional Lie groups were first investigated in the 1970s (see jVo76] for 
representations of Uoo (C) , [KS77J for representations of Uqo (C) and SOoo(R)). 
OTshanskh [0183] studied representations for infinite-dimensional spherical 
pairs like (GL 00 (R), SO^R)), (GL 00 (C),U 00 (C)) and (U 0O (C),S0 0O (R)). 

The representation theory of direct limits of both finite groups and finite- 
dimensional Lie groups remains an active area of research. Representations 
of 0(oo, oo), U(oo, oo ) and Sp(oo, oo) were studied in TJv02 using infinite- 
dimensional adaptations of Howe duality. Novel results concerning the 
representation theory of Uoo (C) and were obtained in [0103] and |KOV04j , 
respectively. Versions of the Bott-Borel-Weil theorem for direct limits of 
finite-dimensional Lie groups were established in [NRWOl] and DPW02J 
(in a more algebraic setting). J. A. Wolf also investigated principal series 
representations of suitable direct limit groups |Wo05j . as well as the regular 
representation on some direct limits of compact symmetric spaces (Wo08 . The 
paper |AK06j discusses representations of an infinite-dimensional subgroup of 
unipotent matrices in GLoo(R). Finally, a version of Bochner's theorem for 
infinite-dimensional spherical pairs was obtained in |Ra07j . 

There also is a body of literature devoted to irreducible representations 
of diffcomorphism groups of (compact or) non-compact manifolds, as well as 
quasi- invariant measures and harmonic analysis thereon (see, e.g., |VGG75| . 
[Ki8l] . [Hi93] , [ShOl] . and [Sh05]) . Represe ntations of C* C °°(M, H) were studied 
by R. S. Ismagilov |Is76j and in [AHK93] . Such groups, Diff c (M) and semi- 
direct products thereof arise naturally in mathematical physics |Go03j . 

Direct limits of finite-dimensional Lie groups are also encountered as dense 
subgroups of some interesting Banach-Lie groups (like the group l^W) of 
unitary operators on a complex Hilbert space TL which differ from id-^ by 
a Hilbert- Schmidt operator) and other groups of operators. This frequently 
enables the calculation of the homotopy groups of such groups (see |Pa65j . 
also |Ne02aj ). exploiting that the homotopy groups of many direct limits of 
classical groups (like Uoo(C)) can be determined using Bott periodicity. Dense 
unions of finite-dimensional Lie groups arc also useful in representation theory 
(see [Ne98] and |Ne04c] h 
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We mention a more specialized result: For very particular classes of direct 
limits G of finite-dimensional Lie groups, a classification is possible which 
uses the homotopy groups of G (notably ni(G) and 7r 3 (G)); see |Ku06j . 

In contrast to direct (or inductive) limits, the dual notion of an inverse (or 
projective) limit of Lie groups was used much earlier in infinite-dimensional 
Lie theory. Omori's theory of ILB-Lie groups (which are inverse Zimits of 
iJanach manifolds) gave a strong impetus to the development of the area in 
the late 1960s and early 1970s (see [Om97j and the references therein). Many 
important examples of infinite-dimensional Lie groups could be discussed in 
this approach, e.g. the group C 00 ^, if) = DfeeNo C k (K,H) of smooth maps 
on a compact manifold K with values in a finite-dimensional Lie group H , 
and the group Diff (K) = HfeeN Diff k (K) of C°°-diffeomorphisms of a compact 
manifold. The passage from compact to non-compact manifolds naturally 
leads to the consideration of direct limits of compactly supported objects. 

2 Preliminaries, terminology and basic facts 

General conventions. We write N := {1, 2, . . .}, and No := NU{0}. As usual, 
R and C denote the fields of real and complex numbers, respectively. If (E, ||.||) 
is a normed space, x £ E and r > 0, we write B^(x) :— {y £ E : \\y — x\\ < r}. 
Topological spaces, topological groups and locally convex topological vector 
spaces are not assumed Hausdorff. However, manifolds are assumed Haus- 
dorff, and whenever a locally convex space serves as the domain or range of 
a differentiable map, or as the modelling space of a Lie group or manifold, it 
is tacitly assumed Hausdorff. Moreover, all compact and all locally compact 
topological spaces are assumed Hausdorff. We allow non-Hausdorff topologies 
because direct limits are much easier to describe if the Hausdorff property is 
omitted (further explanations will be given at the end of this section) . 

Infinite-dimensional calculus. We are working in the setting of Keller's C k - 
theory |Ke74j , in a topological formulation that avoids the use of convergence 
structures (as in [Mc80j . [Mr84j . [G102aj, [Ne06] . and |GN08j ). For more infor- 
mation on analytic maps, see, e.g., |G102aj . }GN08| and (for K = C) |BS71| . 

2.1 Let K £ {R, C}, r £ NU {oo}, E and F be locally convex K-vector spaces 
and f:U — > F be a map on an open set U C E. If / is continuous, we say 
that / is C°. We call / a C^-map if / is continuous, the iterated real (resp., 
complex) directional derivatives 

d k f(x, yi ,...,y k ) := (D Vk ■ ■ ■ D y J)(x) 

exist for all k £ N such that k < r, x £ U and yi, . . . , y% £ E, and the maps 
d k f: U x E k — > F so obtained are continuous. If K is understood, we write 
C r instead of C£. If / is C°°, we also say that / is smooth. If K = R, we say 
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that / is real analytic (or C^) if / extends to a C£°-map f:U on an 

open neighbourhood U of U in the complexification Ec of E. 

2.2 We mention that a map /: E D U — > F is if and only if it is 
complex analytic i.e., / is continuous and for each x £ U, there exists a 
0-neighbourhood Y C E with x + Y C [/ and continuous homogeneous poly- 
nomials p„ : £7 — > F of degree n such that 

oo 

(Vyer) f(x + y) =J2pn(y)- 

Complex analytic maps are also called C-analytic or Cg. 

2.3 It is known that compositions of composable C^-maps are C£, for each 
r G No U {oo,w}. Thus a C^-manifold M modelled on a locally convex K- 
vector space E can be defined in the usual way, as a Hausdorff topological 
space, together with a maximal set of homcomorphisms from open subsets 
of M to open subsets of E, such that the domains cover M and the transition 
maps are C£. Given r G {oo,w}, a C^-Lie group is a group G, equipped with 
a structure of C£-manifold modelled on a locally convex space, such that the 
group multiplication and group inversion are C^-maps. Unless the contrary 
is stated, we consider C^-Lie groups. Throughout the following, the words 
"manifold" and "Lie group" will refer to manifolds and Lie groups modelled 
on locally convex spaces. We shall write T X M for the tangent space of a 
manifold M at x G M and L(G) := Ti(G) for the (topological) Lie algebra 
of a Lie group G. Given a G^-map /: M — > N between G^-manifolds, we 
write T x f: T X M — > Tf^N for the tangent map at x G M. Given a smooth 
homomorphism / : G — > we let L(/) := Ti(/) : L(G) -► L(H). 

Direct limits. We recall terminology and basic facts concerning direct limits. 

2.4 (General definitions). Let (I, <) be a directed set, i.e., I is a non-empty 
set and < a partial order on I such that any two elements have an upper 
bound. Recall that a direct system (indexed by (/,<)) in a category A is a pair 
S := ((Xi)i£i, {<(>ji)j>i), where each Xi is an object of A and pji : Xi — > Xj a 
morphism such that <j>a — id Xi and p k j o p^ = p ki , for all elements k > j > i 
in I. A cone over S is a pair (X, (</>»)»£/), where X is an object of A and each 
(pi: Xi — > X a morphism such that <pj o pji = p { whenever j > i. A cone 
(X, (0i)ie/) is a direct limit of S (and we write (X, (^>j)j g j) = lim<S or A = 
limXj), if for every cone (Y, over 5, there exists a unique morphism 

X — > y such that i[> o fa = ^ for all i G 7. If T = ((Yj)j e j, ("4>ji)j>i) is 
another direct system over the same index set, (Y, (ipi)iei) a cone over T, and 
(Vi)iei a family of morphisms r/j : Xi — > Fj which is compatible with the direct 
systems in the sense that tpjiorn — njocpji for all j > i, then (Y~, (tpiorji) ieI ) is a 
cone over 5. We write lim ^ for the induced morphism ip: X — > V , determined 
by V°<& = 
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Direct limits in the categories of sets, groups and topological spaces are 
particularly easy to understand, and we discuss them now. Direct limits of 
topological groups (which are a more difficult topic) and direct limits of locally 
convex spaces will be discussed afterwards in Sections [3] and [H respectively. 
We concentrate on direct sequences (viz., the case I = N) and actually on as- 
cending sequences, to avoid technical complications. This is the more justified 
because (except for some counterexamples) hardly anything is known about 
direct limits of direct systems of Lie groups which do not admit a cofinal 
subsequence. 

2.5 (Ascending unions of sets). If Ai C A 2 C • • • is an ascending sequence of 
sets, let 4> m n : X n — > X m be the inclusion map for to, n 6 N with to > n. Then 
S := ((A„) )m>n)) is a direct system in the category SET of sets 
and maps. Define X := (JneN -^n an d let <p n : X n — » X be the inclusion map. 
Then (X, (0 n ) nS N) is a cone over S in SET. A sequence of maps ip n : X n — > Y 
to a set Y gives rise to a cone (Y, (V'n)neN) if an d oni y if 

i>m\x n = "0n for all to, n E N with to > n. 

Then ip: X — > Y, VK^) : = ^n( x ) if G N and a; G A„ is a well-defined map, 
and is uniquely determined by the requirement that ip o 0„ = tp\x„ = V'n f° r 
each n G N. Thus (A, (0„) neN ) = lim<S in SET. 

2.6 (Direct limits of groups). If each X n is a group in the situation of 12.51 
and each <fi m ,n & homomorphism, then S is a direct system in the category G 
of groups and homomorphisms. If x,y E A, there exists n E N such that 
x, y E A„. We define the product of x and y in A as their product in A„, i.e., 
x • y = (p n (x) ■ (f> n {y) ■= 4>n{x ■ y). Since each cp m<n is a homomorphism, x • y 
is independent of the choice of n, and it is clear that the product so defined 
makes A a group and each <f> n : X n — > A a homomorphism. If (Y, (V'n)nGN) is 
a cone over <S in G, let ip : A — > Y be the unique map such that ip o (j> n = tp n 
for each n G N, as in 12.51 Given x,y E A, say x,y E A„, we then have 
ip(xy) = tp((j) n (xy)) = ip n (xy) = ip n (x)tp n (y) = ip(x)ip(y), whence ip is a 
homomorphism. Thus (A, (0„)„gn) = lim5 in G. 

If S = ((A„)„ £ n, (<t> m ,n)) is a direct sequence of groups (with 4> m,n ■ A n ^ X rn 
not necessarily injective), then K n := {J m>n kev(4> m ,n) is a normal subgroup 
of A„. Consider the quotient groups G n := X n /K n , the canonical quotient 
maps q n : X n — > G„ and the homomorphisms ip m ,n ■ Gn — * G m determined 
by ^m," ° Qn = Qm ° 0m. n- Then each V'm.n is injective and it is clear that the 
direct limit (G, (ip n )nefi) of the "injective quotient system" ((G„)„ s n, (V'm.n)) 
yields a direct limit (G, o g n )„ eN ) of S (cf. [NRW91I §3]). 

2.7 (Direct limits of topological spaces). If each X n is a topological space 
in the situation of 12.51 and each 4> m>n : X n — > A m a continuous map, we 
equip A = UneN ^ n w ith f ne finest topology Odl making each inclusion map 
4> n : X n — y X continuous (the so-called direct limit topology). Thus U C A is 
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open (resp., closed) if and only if (f> n x (U) = U fl X n is open (resp., closed) 
in X n for each n S N. Then (X, (0 n ) n eN) = limS in the category TOP of 
topological spaces and continuous maps. To see this, let (Y, (VVt)neN) be a 
cone over S in TOP. Let ip : X — > Y be the unique map with ijj o 0„ = ^ n for 
each n. If 17 C F is open, then ^(U) n Z» = (V>k„) (^O = W'n) -1 ^) is 
open in X n , for each n. Hence ip (U) is open in X and thus ip is continuous. 

The direct system <S is called strict if each </>„ is a topological embedding (i.e., 
X n+ \ induces the topology of X n ). Then also the inclusion map <p n : X n — » X 
is a topological embedding for each n jNRW93[ Lemma A. 5]. It is also known 
that X has the separation property T\ if each X n is T\ (see, e.g., [G105b. 
Lemma 1.7(a)]). And in the case of a direct sequence X\ C C ■■• of 
locally compact spaces X n , the direct limit topology on lJ n6N X n is Hausdorff 
(as observed in G105b. Lemma 1.7(c)], the strictness hypotheses in |Ha71[ 
Proposition 4.1 (ii)] and |G103al Lemma 3.1] is unnecessary). 

First remarks on ascending unions of Lie groups and direct limits. 

Consider an ascending sequence G\ C G 2 C • • • of G^°-Lie groups, such 
that the inclusion maps j m .n ■ G„ ~> G m are C°°-homomorphisms for all 
m, n € N with to > n. Then 5 := ((G n ) n ^, (J m ,n)m>n) is a direct system 
in the category LIEk of C^-Lie groups and C^-homomorphisms. One would 
not expect that S always has a direct limit in the category of C^-Lie groups 
(although no counterexamples are known at the time of writing). What is 
more, there is no general construction principle for a Lie group structure on 
UnGN such that all inclusion maps j n : G n — > G are C^-homomorphisms 
(unless restrictive conditions are imposed, as in Section [5]). 

2.8 However, in many concrete cases we are given such a Lie group structure 
on G :— UnGN Then (G, (jn)n&$) is a cone over S in LIEk, and it is natural 
to ask if G = limG„ as a Lie group. A sequence of G^-homomorphisms 
/„ : G n — > H to a Gf°-Lie group if is a cone over S if and only if 

fm\G n — fn for all to, n 6 N with m > n. 

Then /: G — > i7, /(x) := / n (a;) if 11 £ N and x £ G„ is a well-defined 
homomorphism. This map is uniquely determined by the requirement that 
f jn — /|g„ = fn for each neN. Therefore, (G, (j n )neN) = hm5 holds in 
LIEk if and only if each / of the preceding form is C^?. A similar argument 
applies if H is a topological group, smooth manifold or topological space. 

Thus questions (a)-(d) posed in 1 1.1 1 amount to asking if G = limG n holds . . . 

(a)' in the category of smooth manifolds (modelled on locally convex spaces) 

and smooth maps between them? 
(by in the category of topological spaces and continuous maps? 

(c) ' in the category LIEk of Lie groups? 

(d) ' in the category of topological groups and continuous homomorphisms? 
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The Hausdorff property. We allow non-Hausdorff topologies because direct 
limits are much easier to describe if the Hausdorff property is omitted. In 
fact, we have already seen that it is always possible to topologize a union 
X = UneN X n °f topological spaces in such a way that it becomes the direct 
limit \imX n in the category of topological spaces (see 12 .7[) . and likewise a 
union of topological groups (resp., locally convex spaces) can always be made 
the direct limit in the category of topological groups resp., locally convex 
spaces (see Sections [3] and 2]) . A mere union X = UneN^™ * s a ver y concrete 
object, and easy to work with. 

By contrast, if each X n is Hausdorff, then the direct limit \m\X n in the 
category of Hausdorff topological spaces (resp., Hausdorff topological groups, 
resp., Hausdorff locally convex spaces) can only be realized as a quotient of 
X = UneN X n m general, and is a much more elusive object in this case. 

Luckily, in all situations we are interested in, X from above injects 
continuously into a Lie group and thus X is Hausdorff. Then automatically X 
also is the direct limit in the category of Hausdorff topological spaces (resp., 
Hausdorff topological groups, resp., Hausdorff locally convex spaces). 

3 Direct limits of topological groups 

As an intermediate step towards the study of Lie groups, let us consider a 
sequence G\ C G 2 C • • • of topological groups, such that all inclusion maps 
G n — > are continuous homomorphisms. We make G = [J ngN G n the 

direct limit group (as in I2.6[) and give it the finest group topology Odlg 
making each inclusion map G n — > G continuous. Then G — limG n in the 
category of (not necessarily Hausdorff) topological groups. Moreover, if each 
G n is Hausdorff, then the factor group of G modulo the closure {1} C G is 
the direct limit in the category of Hausdorff topological groups H 

Unfortunately, the preceding description of the topology Odlg on the 
direct limit topological group is not at all concrete. Various questions are 
natural (and also relevant for our studies of Lie groups): Does Odlg coincide 
with the direct limit topology Odl (as in l2.7|) ? Can Odlg be described more 
explicitly? Given a group topology on G = UneN^"' now can we P rove that 
it agrees with Odlg? 

We now give some answers to the first and last question. An answer to the 
second question, namely the description of Odlg as a so-called "bamboo- 
shoot" topology, can be found in [TS H98] and iHS TOlj (under suitable 
hypotheses) . 

Comparison of Odl and Odlg- It is clear from the definition that the 
direct limit topology Odl is finer than Odlg- Moreover, Odl may be properly 



3 If G is Hausdorff, then no passage to the quotient is necessary. 
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finer than Odlg > as emphasized by Tatsuuma et al. [TSH98] F1 To understand 
this difhculty, let r] n : G„ — > G„, x i— > and ?y: G — > G be the inversion 
maps and /i„ : G„ x G„ — > G„, (x, y) i— ► as well as /i: G x G — > G be the 
respective group multiplication. Then 

r) = lim77„: (lim G n , Odl) —> (lirnG»,0 DL ) 

is always continuous. However, it may happen that fj, is discontinuous (with 
respect to the product topology on G x G), in which case (G, Odl) is not a 
topological group and hence Odl 7^ Odlg- We recall a simple example for 
this pathology from [TSH98] : 

Example 3.1. Let G„ := Q x R n_1 with the addition and topology induced 
by W 1 . Identifying M n_1 with the vector subspace R n_1 x {0} of R™, we obtain 
a strict direct sequence G\ C G% C • • • of metrizable topological groups. It 
can be shown by direct calculation that the direct limit topology Odl does 
not make the group multiplication on G := UneN & n continuous (see [TSH98. 
Example 1.2]). 

To understand the difficulties concerning the group multiplication (in 
contrast to the group inversion) on G = UneN ^"j n °te that we always have 
a continuous map 

lim/i n : (hm(G„ x G„),Odl) (hm G n , Odl) • 

Thus fj, is continuous as a map from (G x G, Odl) to (G, Odl), i-e., it becomes 
continuous if, instead of the product topology, the topology Odl is used on 
G x G which makes it the direct limit topological space lim(G„ x G n ). This 
topology is finer than the product topology and, in general, properly finer. 
If the direct limit topology on G x G happens to coincide with the prod- 
uct topology, then (G, Odl) is a topological group and thus Odl = Odlg 
(cf. [HSTOl] and |G103al §3]). The following proposition describes a situation 
where the two topologies coincide. We recall that a topological space X is 
said to be a k u -space if it is the direct limit topological space of an ascending 
sequence K\ C JC 2 C • • • of compact topological spaces (see, e.g., [GGH07 
and the references therein) Such spaces are always Hausdorff (see l2.7p . For 
example, every cr-compact, locally compact space is a /c w -space. A topological 
space X is called locally k u if every point x £ X has an open neighbourhood 
in X which is a fc u -space in the induced topology |GGH07[ Definition 4.1]. 
E.g., every locally compact topological space is locally k u . The topological 
space underlying a topological group G is locally k u if and only if G has an 
open subgroup which is a /c^-spacc GGH07, Proposition 5.3]. See [GGH07, 
Proposition 4.7] for the following fact. The special case where each X n and Y n 
is locally compact was first proved in [HST01, Theorem 4.1] (cf. also |G103a[ 
Proposition 3.3] for the strict case): 

4 In part of the older literature, there was some confusion concerning this point. 

5 These spaces can also be characterized as the hemicompact fc-spaces. 
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Proposition 3.2. Let X\ C X 2 C • • ■ and 3^ C X 2 C • • ■ 6e topological 
spaces with continuous inclusion maps X n — > Y„ +1 and y„ — » Y n+ i. If each 
X n and each Y n is locally k u , then 

lim(Y„ xY n ) = (limX n ) x (limF„) 
as a topological space. 

Using that direct limits of ascending sequences of locally fc^-spaces are 
locally k u by [GGH07 1 Proposition 4.5] (and thus Hausdorff), the preced- 
ing discussion immediately entails the following conclusion from [GGH07] (cf. 
|TSH98| Theorem 2.7] for locally compact G n , as well as |G103a| Corollary 3.4] 
(in the case of a strict direct system)). 

Corollary 3.3. Consider a sequence Gi C G 2 C • • ■ of topological groups 
such that each inclusion map G n — > G n +\ is a continuous homomorphism. If 
the topological space underlying G n is locally k u for each n G N {for example, 
if each G n is locally compact) , then the direct limit topology is Hausdorff and 
makes G = UneN ^ e direct limit topological group. 

3.4 Given topological groups Gi C G 2 C ■•■ such that all inclusion maps 
G n — > G n +i are continuous homomorphisms, consider the conditions: 

(a) G n is an open subgroup of G n +i (with the induced topology) for all 
sufficiently large n. 

(b) For each sufficiently large n, the topological group G n has an identity 
neighbourhood U whose closure in G m is compact for some m > n. 

Then C DL = Odlg holds if (a) or (b) is satisfied |Ya98l Theorems 2 and 3]. 
By a most remarkable theorem of Yamasaki [Ya98, Theorem 4], the validity of 
(a) or (b) is also necessary in order that Odl = CdlGj provided that each G n 
is metrizablc and the inclusion maps G n — > G n +i are topological embeddings. 

Criteria ensuring that a given group topology coincides with Odlg- 

Frequently, a given topological group G is a union G = IJngN ^™ °^ topological 
groups, such that all inclusion maps G„ — > G rl +i and G n —* G are continuous 
homomorphisms. In many cases, a criterion from |G107b] helps to see that the 
given topology on G coincides with Odlg (cf- |G107bl Proposition 11.8]). 

The criterion uses the weak direct product JlneN @n as a tool. The latter can 
be formed for any sequence (G n ) n gN of topological groups. It is defined as 
the subgroup of all (g n )neN S rineN^" such that g n — 1 for all but finitely 
many n. The weak direct product is a topological group; a basis for its topology 
(the so-called "box topology" ) is given by sets of the form JlnGN n IlneN ^« 
(the "boxes"), where U n C G n is open for each n and 1 £ U n for almost all n. 

Returning to the case where G% C G% C ••• and G = [j nefi G n , we can 
consider the "product map" 
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71 : IlriGN G n -> G , (g n )n£N ^ 3l.92 ■ • • 9n , 

where N e N is so large that <?„ = 1 for all n > N. 

Proposition 3.5. If the product map tt: JlneN ^ n G is open at 1, then 
the given topology on G coincides with Odlg an d thus G — limG„ as a 
topological group. The openness of it at 1 is guaranteed if there exists a map 
a: Q — > IlneN^" 071 an identity neighbourhood fl C G such that no a = ida, 
cr(l) = 1 and a is continuous at 1. 

Remark 3. 6. Such a section a to 7r might be called a fragmentation map, in 
analogy to concepts in the theory of diffeomorphism groups (cf. |Ba97[ §2.1]). 

Example 3. 7. It can be shown that the Lie groups Diff C (M) = UneN Diff K n (M) 
and C^(M,H) = lJ ra6N G r K ^ (M, H) (as defined in the introduction) always 
admit fragmentation maps (even smooth ones); cf. G107b, Lemmas 5.5 and 
7.7]. Hence Diff c (M) = lim Diff Jfn (M) and C r c {M,H) = lim C r Kn (M, H) as 
topological groups. 



4 Non-linear mappings on locally convex direct limits 

Consider a sequence £i C£ 2 C ••• of locally convex spaces, such that each 
inclusion map E n — > is continuous and linear. Then there is a finest 

locally convex vector topology 0\ cx on := U n6N £yi making each inclusion 
map E n — > continuous, called the locally convex direct limit topology^ 

4.1 Some basic properties of locally convex direct limits are frequently used: 

(a) If the direct sequence E\ C _E 2 C ■ • ■ is strict, then (_E, Oi cx ) induces 
the given topology on E n , for each n G N (see Proposition 9 (i) in [Bo87, 
Chapter II, §4, no. 6]). 

(b) If the direct sequence E± C E% C • • ■ is strict and each S„ is Hausdorff, 
then also (E, d cx ) is Hausdorff (see Proposition 9 (i) in |Bo87|. Chapter II, 
§4, no. 6]). 

(c) If the direct sequence E\ C E2 C • ■ • is strict and each _E„ complete, then 
the locally convex direct limit E = \J ne ^E n is boundedly regular (cf. 
Proposition 6 in |Bo87[ Chapter III, §1, no. 4]) and hence also compactly 
regular, in view of (a). 

(d) If the direct sequence Ex C E% C • • • is strict and each E n complete, then 
also the locally convex direct limit E is complete (see Proposition 9 (iii) 
in [Bo87l Chapter II, §4, no. 6]). 



This topology can be described in various ways. We mention: (1) A convex set 
U C E is open if and only if U C\E n is open in E n , for each n £ N. (2) A seminorm 
q: E — > [0, 00 [ is continuous if and only if q\E n is continuous, for each n £ N. 
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(e) If also Fx C F^ C • • ■ is an ascending sequence of locally convex spaces, 
with locally convex direct limit F — \J neN F n , then the locally convex 
direct limit topology on \J ne ®(E n x F n ) and the product topology on 
E x F coincide HST01; Theorem 3.4] (because finite direct products 
coincide with finite direct sums in the category of locally convex spaces). 

The reader may find [F180] and |Bi88| convenient points of entry to the 
research literature on locally convex direct limits. 

We mention that few general results ensuring the Hausdorff property for 
locally convex direct limits E = lim.E n are known (besides 14. ll fb) just encoun- 
tered and Proposition 14.41 below). Some Hausdorff criteria for direct limits of 
Banach spaces (and normed spaces) can be found in [F179] (see also [Fl80l 
p. 214]). In concrete examples, a very simple argument frequently works: If 
one can find an injective continuous linear map from E to a some Hausdorff 
locally convex space, then E is Hausdorff. However, the fact remains that 
non-Hausdorff locally convex direct limits do exist: See Mk63 for examples 
where each E n is a Banach space; F180, p. 207] for a simple example (due to 
L. Waelbroeck) with each E n a normed space; and |F180[ p. 227, Corollary 2] 
for an example where each E n is a nuclear Frechet space (cf. also |Sv69j ). 

It is well known that 0i cx and Odlg coincide on E = \J ne ^E ni because 
on ©„gn^« = Un£Ni~lk=i E k, both d cx and Odlg coincide with the box 
topology and UneN (with either topology) can be considered as a quotient 
of the direct sum (see |G107bl Lemma 2.7]; cf. [HSTOll Proposition 3.1] for a 
different argument. Cf. also [Ko69j and [Bo87[ Chapter II, Exercise 14 to §4]). 

It is also known that C lcx need not coincide with O dl (see |Sr59j or 
Exercise 16 (a) to §4 in [Bo87l Chapter II]; cf. also [Du64l p. 506]). E.g., C lcx is 
properly coarser than Odl if each E n is an infinite-dimensional Frechet space 
and E n is a proper vector subspace of E n+ \ with the induced topology, for 
each n £ N f |KM97[ Proposition 4.26 (ii)]; cf. Yamasaki's Theorem recalled in 
Section [3]) . The following concrete example shows that not even smoothness 
or analyticity of /|s„ ensures that a map / : E — > F on a locally convex direct 
limit E = U„ gN £'n is continuous (let alone smooth or analytic). 

Example Consider the map 

g : (M, C) — ► (M x M, C) , g{ 1 );= 1 ® 1 

between spaces of compactly supported smooth functions, where (7® 7) (a;, y) 
:= 7(^)7(2/) for It can be shown that g is discontinuous, although 

g\c°° (R,C) : Cf^i (K, C) — > C^°(M x R, C) is a continuous homogeneous 
polynomial (and hence complex analytic), for each neN (sec Remark 7.9 in 
|G107bj . based on [HST011 Theorem 2.4]). 

Remark 4-3. Consider the locally convex direct limit E = [J neN E n of Haus- 
dorff locally convex spaces Ex C _E 2 C • • • over K 6 {R, C}. Let Ux C U2 Q • ■ ■ 
be an ascending sequence of open sets U„ C E n , and U :— lJ TlgN C/ n . Let 
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r G NU{oo}, F be a Hausdorff locally convex space and /: U — > F be a 
map such that /|ij„ : i?„ 3 Un_-^ F is for each hgN. Assume that E is 
HausdorfF and [/ C E is open|3 Then the iterated directional derivatives 

d k f(x, yi ,...,y k ) = (D Vk ■ ■ ■ D y J)(x) 

exist for all k G N with k < r and all x G {/ and yi, ... ,2ft G E 1 , because 
i £ (/„ and yi , . . . , G -E„ for some n G N and then (-D^ • • ■ Dj^ /) (x) = 
d fc (/|c/ ?l )(x, yi, . . . , j/fe). Hence only continuity of the maps d k f, which satisfy 

d k f\ UnXiEn) k = d k (f\ Un ) forallnGN, (5) 

may be missing for some k, and may prevent / from being a CJ^-map. 

We mention that locally convex direct limits of ascending sequences of Banach 
spaces (resp., Frechet spaces) are called (LB)-spaces (resp., (LFV-spaces) . If 
the sequence is strict, we speak of LB-spaces (resp., LF-spaces)|f| A locally 
convex space E is called a Silva space if it is the locally convex direct limit 
of an ascending sequence Ei C E 2 C • ■ • of Banach spaces, such that all 
inclusion maps E n — > E n+ \ are compact operators (cf. |Se55| and |F171j )FI 
Silva spaces are very well-behaved direct limits. We recall from |F171j : 

Proposition 4.4. If E — U ngN E n is a Silva space, then the following hold: 

(a) E is Hausdorff and complete; 

(b) E = UneN * s boundedly regular and hence also compactly reaularX^ 

(c) The locally convex direct limit topology on E coincides with the direct 
limit topology Odl/ 

(d) If also F — UneN^ 7 " * s a ^ va space, with F n — > F n+ i compact, then 
E x F = U neN (E n x F n ) is a Silva spaceP^l 

Some interesting infinite-dimensional Lie groups are modelled on Silva spaces, 
e.g. the group T)\S^(K) of real analytic diffeomorphisms of a compact real 
analytic manifold K (see (Ls82 ; cf. )KM97[ Theorem 43.4]). More examples 
will be encountered below. 

Mappings on Silva spaces or unions of fc^-spaces. In good cases, the 
pathology described in Remark 1431 cannot occur (see |G107b| Lemma 9.7] and 
|GGH07l Proposition 8 . 1 2] ) : 

Proposition 4.5. Consider the locally convex direct limit E = {J ne ^E n 
of Hausdorff locally convex spaces E\ C Ei C ••• over K G {R, C}. Let 

7 E.g., we might start with an open set U C E and set U n '■= U n E n . 

8 These conventions are local. The meanings of 'LF' and '(LF)' vary in the literature. 

9 A locally convex space is a Silva space if and only if it is isomorphic to the dual of a 
Frechet- Schwartz space |F171| ; therefore Silva spaces are also called (DFS)-spaces. 

10 Using that the inclusion maps E n — > E n +i are compact operators. 

11 The inclusions E n xF„-> E n +i x F n +i are compact operators, and 14. li fe) holds. 
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U\ C U2 C ■ • • be an ascending sequence of open sets U n C _E„, one? 
{/ := UneN^"- Let r £ No U {00}, F be a Hausdorff locally convex space 
and f : U F be a map such that f\u„ is /or each n £ N. Assume that 

(a) i?ac/i i?„ is a -space; or: 

(Jo) E n is a Banach space and the inclusion map E n — > £J n +i a compact 
operator, for each n £ N (m which case E a Silva space). 

Then E is Hausdorff and the locally convex direct limit topology on E coincides 
with Odl ■ Moreover, U is open in E and f : U F is C£ . 

In the Silva case, the hypotheses of Proposition EOl can be relaxed (cf. [Ls85, 
Proposition 2.8]). Real analyticity is more elusive. E.g., there exists a real- 
valued map / on the Silva space R( N ) := limK™ which is not real analytic 
although /Inn is real analytic for each n £ N (cf. [KM971 Example 10.8]). 

Complex analytic maps on (LB)-spaces. A very useful result from [Da08] 
frequently facilitates to check complex analyticity beyond Silva spaces. 

Theorem 4.6 (Dahmen's Theorem). Let E\ C E2 C • •■ be an ascending 
sequence of normed spaces (E n , ||.||n) over C such that, for each n £ N, the 
inclusion map E n —> E n +\ is continuous and complex linear, of operator norm 
at most 1. Let r £ ]0,oo[, U n := {x £ E n : \\x\\ n < r} for n G N, and F be 
a complex locally convex space. Assume that the locally convex direct limit 
E = UneN is Hausdorff. Then U := U n eN ^™ * s °P en * n E and if 

f:U^F 

is a map such that f\u„ ■ E n D U n — > F is complex analytic and bounded for 
each n £ N, then f is complex analytic. 

Mappings between direct sums. If (E n ) ne j^ is a sequence of locally 
convex spaces, we equip ©„ gN E n with the box topology (as introduced before 
Proposition 13. 5|) . See [G103b, Proposition 7.1] for the following result. 

Proposition 4.7. Let (E n ) ne jq and (i 7 ' n ) ng N be sequences of Hausdorff 
locally convex spaces, r £ No U {00}, U n C E n be open and f n : U n — > F n 
be C r . Assume that £ U n and f n (0) = for all but finitely many n £ N. 
Then 0„ eN U n := ((B neN E n ) n]J neN U n is open in 0„ eN £„ and the map 

®nenfn- ©ngN^n ~* ©„ eN ^n, (x n )nefi ^ (fn(x n ))neN IS C T . 

Non-linear maps between spaces of test functions. Let r, s £ No U {00}, 
M be a u-compact, finite-dimensional C"*-manifold, N be a er-compact, 
finite-dimensional C s -manifold, E, F be Hausdorff locally convex spaces, 
Q C Cf {M,E) be open and /: fl -> C*(N,F) be a map. We say that / 
is almost local if there exist locally finite covers (J7 n )neN an d (Ki)neN of M 
(resp., N) by relatively compact, open sets U n C M (resp., V n C iV) such 
that /(7)|v r „ only depends on 7|t/„, i.e., 
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(Vn 6 N) (V 7 ,J? £ fl) 7 k = v\u n =* f(l)\v n = f(v)\v n ■ 

E.g., / is almost local if M = N and / is local in the sense that /( 7 )(a;) only 
depends on the germ of 7 at x G M. As shown in [G102d] (see also [G104b. 
Theorem 10.4]), almost locality prevents pathologies as in Example 14.21 

Proposition 4.8. Let r,sJeN U {00} and f : C r c {M, E) D Q -> C S C (N, F) 
be an almost local map. Assume that the restriction of f to f2f]C r K (M,E) is 
C , for each compact set K C M. Then f is C . 

An analogous result is available for mappings between open subsets of spaces 
of compactly supported sections in vector bundles. Almost local maps between 
subsets of the space of compactly supported smooth vector fields occur in the 
construction of the Lie group structure on Diff c (M) (see [G102dj ; cf. |G105aj 
and |G104bp . 

The proof of Proposition 14.81 exploits that the map 

a: C s (N,F)^($C s (V n ,F), 7~(7k)»eN 

is a linear topological embedding with closed image |G104b[ Proposition 8.13], 
for each locally finite cover (V n ) n£ ^ of N by relatively compact, open sets V n . 
It hence suffices to show that a of is C*. Let us assume that Q — C^(M, E) for 
simplicity. There is a locally finite cover (£7 n ) ng pj of M by relatively compact, 
open sets such that U n contains the closure of U n . Let h n : U n — > K be a 
compactly supported smooth map such that h n \u n = 1- Then the following 
map is C*: 

f n :C r (U n ,E)^C s (V n ,F), /„( 7 ) := f(h n -j)\ Vn . 

Setp: C r c (M,E) ® n ^C r (U n , E), 7 ^ ( 7 | & J n . Thmtro/ = (® n& f n )op, 
where © n eN/n is C* by Proposition 14. 71 Hence a o / and thus / is C*. □ 

5 Lie group structures on directed unions of Lie groups 

In some situations, it is possible to construct Lie group structures on ascending 
unions of Lie groups. 

Unions of finite-dimensional Lie groups. In the case of finite-dimensional 
manifolds, an Extension Lemma for Charts is available |G105bl Lemma 2.1]: 

If M and N are finite- dimensional C°° -manifolds such that M C N and 
the inclusion map M — > N is an immersion, then each chart tf>: U —>■ V of M 
which is defined on a relatively compact, (smoothly) contractible subset U C M 
extends to a chart of N on a domain with analogous properties. 

Now consider a sequence G\ C G% C • • • of finite-dimensional Lie groups 
such that the inclusion maps are smooth homomorphisms. Let x G G := 
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U ngN G Il , say x G G„ . We then pick a chart 4> no of G no around x whose 
domain is relatively compact and contractible, and use the extension lemma 
to obtain charts 4> n of G n for n > n which are defined on relatively compact, 
contractible open sets, and such that <p n extends (j> n -x- One then easily verifies 
(using Proposition 14 . 5 \ that the homeomorphisms <fi := lim(/>„ so obtained de- 
fine a C°°-atlas on G (equipped with the direct limit topology), which makes 
the latter a Lie group modelled on lim L(G„) (sec [G105b )oBy construction, 
G = Un6N G n admits direct limit charts. Moreover, it is clear from the con- 
struction that G = limG„ as a topological space and as a topological group. 
Using Proposition I4~5l one easily infers that G = lim G n also as a smooth 
manifold and as a Lie group (see |G105b| Theorem 4.3]). 

Remark 5.1. The preceding construction applies just as well to ascending 
unions of finite-dimensional smooth manifolds M n , such that all inclusion 
maps are immersions P^l This enables G/H to be turned into the direct limit 
G°°-manifold lim G n /(H (~l G n ), for each closed subgroup H C G (see (G105b, 
Proposition 7.5]). Then the quotient map G — > G/H makes G a principal 
-ff-bundle over G/H, using a suitable extension lemma for sections in nested 
principal bundles lGI05b, Lemma 6.1]. 

We mention that an equivariant version of the above extension lemma 
(namely |Wk07j Lemma 1.13]) can be used to turn the gauge group Gau(P) 
into a Lie group, for each smooth principal bundle P — > K over a compact 
smooth manifold K whose structure group is a direct limit G = lim G n of 
finite-dimensional Lie groups (see |Wk07[ Lemma 1.14 (e) and Theorem 1.11]). 

Remark 5. 2. Direct limits G = lim G n of finite-dimensional Lie groups are 
regular Lie groups in Milnor's sense |G105b| Theorem 8.1], but they can be 
quite pathological in other ways. E.g., the exponential map exp G = lim exp Gn 
need not be injective on any O-neighbourhood, and the exponential image need 
not be an identity neighbourhood in G. Both pathologies occur for 

G := C (N) xiK = HmC n xR, 

where t £ 1 acts on via t.(zk)keN '■= ( elkt Zk)keN- This can be checked 
quite easily, using that the exponential map of G is given explicitly by 
exp G ((z fc ) feeN ,i) = (( e ' tfc 7 1 Zfc) fceN ,<) (see [G103a[ Example 5.5]). 

The preceding general construction implies that every countably-dimensional 
locally finite Lie algebra g (i.e., each union g = UneN 0« °f finite-dimensional 
Lie algebras jji C g 2 C •■•), when endowed with the finest locally convex 
vector topology, arises as the Lie algebra of some regular Lie group0 Such 

12 Cf. [NRW91] . [KM97I Theorem 47.9] and [G103a] for earlier, less general results. 

13 Compare [Ha71] for UneN M n as a topological manifold. 

14 One chooses a simply connected Lie group G n with Lie algebra g n and forms the 
direct limit group G = limG n (see [G105 b Theorem 5.1] for the details). 



22 Helge Glockner 



locally finite Lie algebras have been much studied in recent years, e.g. by 
Yu. Bahturin, A. A. Baranov, G. Benkart, I. Dimitrov, K.-H. Neeb, I. Penkov, 
H. Strade, N. Stumme, A. E. Zalesskii, and others (see |BBZ04j . |BB04j . 
|DP04j . [NeOO] . [NSOTj . [PS03] , [St99] and the references therein). 

Unions of Banach Lie groups. These are Lie groups under additional 
hypotheses (which, e.g., exclude the pathologies described in Remark l5.2p . 

Theorem 5.3. Let G\ C G 2 C • • ■ be Banach-Lie groups over K G {M,C}, 
such that all inclusion maps X n : G n — > G„+i are -homomorphisms. Set 
G := U ne ^G n . Assume that (a)-(c) are satisfied: 

(a) For each n£N, there exists a norm \\.\\„ on L(G rl ) defining its topology, 
such that \\[x,y]\\ n < ||x||„||y|| n for all x,y 6 L(G„) and the continuous 
linear map L(A„) : L(G„) — > L(G„+i) has operator norm at most 1. 

(b) The locally convex direct limit topology on q := lJ„ gN L(G„) is Hausdorff. 

(c) exp G := lim exp G ^ : q — ^ G is injective on some '-neighbourhood. 

Then there exists a IK- analytic Lie group structure on G which makes exp G 
a K-analytic local difjeomorphism at 0. If, furthermore, q = lJ ngN L(G„) is 
compactly regular, then G is a regular Lie group in Milnor's sense. 

Sketch of proof. The Lie group structure is constructed in |Da08| , along the 
following lines: Applying Dahmen's Theorem [46] (to the complexification gc, 
if K = K.), one finds that the Baker-Campbell-Hausdorff (BCH-) series con- 
verges to a K-analytic map UneN B^ Gn \o) x Br G (0) — > g for some r > 0. 
Because exp G is locally injective, it induces an isomorphism <j) of local groups 
from some 0-neig hbourhood U C UnGN 5 " (°) onto 

some subset V of G. 

We give V the G^-manifold structure making <j> a G^-diffeomorphism. Now 
standard arguments can be used to make G a Lie group with V as an open 
submanifold. The proof of regularity will be sketched in Section [5] □ 

The author does not know whether the Lie groups G in Theorem 15.31 are 
always the direct limit lim G ra in the category of Lie groups (unless additional 
hypotheses are satisfied). 

Another construction principle. There is another construction principle 
for a Lie group structure on a union G = UneN ^ n °^ ^ e groups (or a group 
which is a union G = {J neN M n of manifolds), which produces Lie groups 
modelled on Silva spaces or ascending unions of fc u -spaces. A direct limit Lie 
group structure can be constructed on G if (1) there are compatible charts <j> n 
of the Lie groups G n (resp., the manifolds M n ) around each point in G; and 
(2) suitable hypotheses are satisfied which ensure that the transition maps 
between charts of the form lim <p n are C^P , because they are mappings of the 
form discussed in Proposition 14.51 fsee [G107b[ Lemma 14.5]). 
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6 Examples of directed unions of Lie groups 

The main examples of ascending unions of infinite-dimensional Lie groups 
were already briefly described in the introduction. We now provide more 
details. Notably, we discuss the existence of direct limit charts, and compact 
regularity. As already mentioned, the latter gives information on the homo- 
topy groups (see ([1])) and can help to verify regularity in Milnor's sense (see 
Theorem 15 . 31 and Section[5]). A special case of |G108b, Corollary 3.6] is useful. 

Lemma 6.1. If the Lie group G = UneN ^™ admits a weak direct limit chart, 
then G = U«gn ^™ * s compactly regular if and only ifL(G) = U n eN L(Gn) is 
compactly regular. 

In the case of an (LF)-space E — UneN-^™> there is a quite concrete charac- 
terization of compact regularity only in terms of properties of the steps E n 
(see |We031 Theorem 6.4 and its corollary]): 

Theorem 6.2. Let E\ C _E 2 C ■ ■ • be Frechet spaces, with continuous linear 
inclusion maps. Give E — lJ„ gN E n the locally convex direct limit topology. 
Then E = [J neI!i E n is compactly regular if and only if for each n £ N, there 
exists m > n such that for all k > m, there is a -neighbourhood U in E n on 
which Ek and E m induce the same topology. In this case, E is also boundedly 
regular and complete. 

We mention that a Hausdorff (LF)-space is boundedly regular if and only if 
it is Mackey complete [Fl80l 1.4 (f), p. 209]. 

Groups of compactly supported diffeomorphisms. The Lie group 
Diff c (M) = U n g a Diff k„ (M) (discussed in the introduction) admits a direct 
limit chart (cf. |G107bl §5.1]). Moreover, the LF-space V C (M) = U„ eN V K „ (M) 
is compactly regular (see I4.1l fc)) and hence also Diff c (M) (by Lemma [6.11) . 
To avoid exceptional cases in our later discussions of direct limit properties, 
we assume henceforth that M is non-compact and of positive dimension. 

Test function groups. Let M and an exhaustion K\ C Ki C • • ■ of M be as 
in the definition of Diff c (M), H be a Lie group modelled on a locally convex 
space, and r 6 No U {oo}. We consider the "test function group" C^(M,H) 
of C r -maps 7: M — ► H such that the closure of {x £ M : j(x) ^ 1} (the 
support of 7) is compact. Let C r K (M, H) be the subgroup of functions sup- 
ported in K n . Then C r K jM,H) is a Lie group modelled on C r K jM,L{H)), 
and C r c (M, H) is a Lie group modelled on the locally convex direct limit 
C r c (M,L(H)) = limC r Kn {M,L(H)) f |G102bj : cf.Qfor special cases). Also, 

C r c (M,H) = \J nen C r Kn (M,H) 

admits a direct limit chart (cf. |G107bl §7.1]). Furthermore, C^{M,L(H)) = 
Un (M,^>{H)) is compactly regular as a consequence of 14.11 (c). We now 
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assume that H is non-discrete and M non-compact, of positive dimension. 

Weak direct products of Lie groups. Given a sequence (H n ) n ^ of Lie 
groups, its weak direct product G :— JlneN ( as introduced before Proposi- 
tion ^. 5[) has a natural Lie group structure G103b, §7], modelled on the locally 
convex direct sum (J)„ gN ~L(H n ). Then G — [J n£ ^G n , identifying the partial 
product G n := Ylk=i Hk with a subgroup of G. By construction, G = {J neN G n 
has a direct limit chart. Furthermore, L(G) = ngN L(iJ„) = lim L(G„) is 
compactly regular, as locally convex direct sums are boundedly regular [Bo87, 
Ch. 3, §1, no. 4, Proposition 5] and induce the given topology on each finite 
partial product (cf. Propositions 7 or 8 (i) in |Bo87, Ch. 2, §4, no. 5]). To avoid 
exceptional cases, we assume henceforth that each H n is non-discrete. 

Unit groups of unions of Banach algebras. Let A\ C A% C • • • be unital 
complex Banach algebras (such that all inclusion maps are continuous homo- 
morphisms of unital algebras). Give A := [J neN A n the locally convex direct 
limit topology. Then A x is open in A and if A is Hausdorff (which we assume 
now), then A x is a complex Lie group G107b, Proposition 12.1]. Moreover, 
A x = {J neN A x , and the identity map id^x is a direct limit chart (cf. [DW97J 
and Ed99 for related results). 

If each inclusion is a topological embedding or each 

inclusion map a compact operator, then A = {J ne j$A n and hence also A x = 
UnGN i s compactly regular. However, for particular choices of the steps, 
A = [_} neN A n is not compactly regular (see |G108b[ Example 7.8], based on 
|BMS821 Remark 1.5]). 

Lie groups of germs of analytic mappings. Let H be a complex Banach- 
Lie group, |.| be a norm on L(iJ) defining its topology, X be a complex 
metrizable locally convex space and K C X be a non-empty compact set. Let 
W\ D W2 2 • • • be a fundamental sequence of open neighbourhoods of K 
in X such that each connected component of W n meets K . Then the set 
Germ(iiT, H) of germs around K of H- valued complex analytic functions on 
open neighbourhoods of K can be made a Lie group modelled on the locally 
convex direct limit 

Germ(K,L(H)) = lim Hol b (W„, L(H)) 

of the Banach spaces g„ := Ho\f,(W n ,"L(H)) of bounded L(i7)-valued complex 
analytic functions on W n , equipped with the supremum norm (see |G104aj ). 
The group operation arises from pointwise multiplication of representatives of 
germs. The identity component Germ(_?£T, H)q is the union 

Gevm(K, H) = \J G n 

nGN 

of the Banach-Lie groups G n := ([exp H o7]: 7 g g„), and Germ(K,H) = 
U ngN G n admits a direct limit chart [G107b, §10.4]. Theorem 16.21 implies 
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that Germ(K,L(H)) = (J„ gN 0" * s compactly regular (see |DG08| ). and 
thus Germ(K, H) = \J nen G n is compactly regular (see already |Ch85[ 
Theorems 21.15 and 21.23] for the bounded regularity and completeness of 
Geim(K, L(if)) if X is a normed space; cf. |Mj79| ). In the most relevant case 
where X and H are finite-dimensional, we can choose W n +\ relatively compact 
in W n . Then the restriction maps Holf,(W n , L(iJ)) — > Holi,(W n +i, L(iif)) are 
compact operators |G107b[ §10.5] and thus Germ(iT, L(H)) is a Silva space. 

Lie groups of germs of analytic diffeomorphisms. If X is a complex 
Banach space and K C X a. non-empty compact set, let GermDiff (K, X) be 
the set of germs around K of C-analytic diffeomorphisms 7 : U — ► between 
open neighbourhoods t/ and V of if (which may depend on 7), such that 
7 1 if = idif. Then GermDiff (K, X) is a Lie group modelled on the locally 
convex direct limit 

Gcrm(X,X)if := lim ttol b (W n ,X) K , 

where W n and Ho\b(W n , X) are as in the last example and Ho\b(W n , X)k '■= 
{( £ R ol b (W n ,X): C\k = 0} (see |G107bl §15] for the case dim(X) < 00, and 
|Da08| for the general result) . The group operation arises from composition of 
representatives of germs. Now the set M n of all elements of GermDiff (K, X) 
having a representative in Holf, ( W n , X)k is a Banach manifold, and 

GermDiff (if, X) = (J M n 

has a direct limit chart (see Da08] : cf. |G107b[ Lemma 14.5 and §15]). 
GermDiff (K, X) = [j n M n is compactly regular by Theorem l6 . 2l and Lemma lOl 
(see |Da08] ) ; if X is finite-dimensional, then Geim(K, X)k is a Silva space. 

Unions of Lie groups modelled on Sobolev spaces. The Lie groups 
H^ S (K,F) = \J nefi H s +^(K,F) (as in the introduction) are studied in the 
work in progress [DG08]. By construction, they admit a direct limit chart, and 
they are modelled on the Silva space H ls {K,L( F )) = U„ eN H " + " ( K > L ( F )) 
(and hence compactly regular). We mention that the Lie group structure 
on H^ S (K,F) can be obtained via Theorem 15.31 therefore H^ S (K,F) is a 
regular Lie group in Milnor's sense. Compare [Pk08] (in this volume) for 
analysis and probability theory on variants of the Lie groups H S (K, F) (with 
s > dim(if)/2), and limit processes as s J, dim(if)/2. 

7 Direct limit properties of ascending unions 

We now discuss the direct limit properties of ascending unions of infinite- 
dimensional Lie groups in the categories of Lie groups, topological groups, 
smooth manifolds and topological spaces. 
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Tools to prove or disprove direct limit properties. Such tools were 
provided in [G107bJ. Recall that a real locally convex space E is said to be 
smoothly regular (or: to admit smooth bump functions) if the topology on E 
is initial with respect to G°°(-E,R). 

Remark 7.1. If U C E is a 0- neighbourhood and the topology is initial 
with respect to C°°(E,M.), then f)J=i f^Q-e, 4) £ U for suitable e > 
and /i,...,/„ £ C°°{E,R) such that /i(0) = ••• = /„(0) = 0. Then 
/ _1 Q-MD C C7 with / := fl + • • • + fl and S := e 2 . Let S : M ^ 1 be 
a smooth function such that <?(R) C [0, 1], g(0) = 1 and g(a;) = if |x| > 5/2. 
Then ft, := g o f : E — > R is a smooth function such that h(0) = 1 and 
supp(ft) C U (a "smooth bump function" supported in £/). This explains the 
terminology. 

Example 7.2. Every Hilbert space H admits smooth bump functions (because 
H — > R, x ||a;|| 2 is smooth). As a consequence, every locally convex space 
which admits a linear topological embedding into a direct product of Hilbert 
spaces (for example, every nuclear locally convex space) admits smooth bump 
functions (cf. also [KM971 Chapter III]). 

Proposition 7.3. Consider a Lie group G = [J ne ^G n , where G\ C G 2 Q ■ • • 
are Lie groups and all inclusion and G n — > G are smooth 

homomorphisms. Assume that G = UneN admits a direct limit chart. Then 
the following hold: 

(a) If G — lim G n as a topological group, then G — lim G n as a Lie group. 

(b) G = limG„ as a topological space if and only ifL(G) = lim L(G n ) as a 
topological space. 

(c) If L(G) admits smooth bump functions, then G = limG„ as a G^°- 
manifold if and only z/L(G) = lim L(G n ) as a -manifold. 

Direct limit properties of the main examples. Using Proposition 17.31 
Proposition 13.51 (to recognize direct limits of topological groups) and a 
counterpart of Proposition 14.51 for analogous ascending unions of mani- 
folds [G107bl Proposition 9.8], one obtains the following information concern- 
ing the direct limit properties of the examples from in Section [5] (see |G107bj : 
the properties of H ls (K, F) follow from }G107b[ Proposition 9.8]). 

The entries in the following table indicate whether G = limG„ holds in 
the category shown on the left, for the Lie group described at the top. The 
abbreviation "dep" is used if the answer depends on special properties of 
the group(s) involved. We abbreviate "category" by "cat," "group" by "gp," 
"space" by "sp," "topological" by "top" , and "smooth manifold" by "mfd." 
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cat\gp 


Diff c (M) 


C™(M,H) 




A x 


Germ(A",#) 


GermDiff(if,X) 


H Ls {K,F) 


Lie gps 


yes 


yes 


yes 


yes 


yes 




yes 


top gps 


yes 


yes 


yes 


yes 


yes 




yes 


mfds 


no 


no 


dep* 


dep** 


yes 1 " 


yes Tt 


yes 


top sps 


no 


no 


dep* 


dep** 


yes 1 " 


yes 1 ^ 


yes 



* "yes" if each H n is finite-dimensional or modelled on a fc„-space; "no" if each H n 
is modelled on an infinite-dimensional Frechet space (which we assume nuclear 
when dealing with the category of smooth manifolds). Other cases unclear. 

** "yes" if each A n is finite-dimensional or each inclusion map X n : A n — > A n +i a 
compact operator; "no" (when dealing with the category of topological spaces), if 
A n is infinite-dimensional, A n C A n +i and A n a topological embedding for 
each n. Other cases unclear. 

f "yes" if X and H are finite-dimensional; general case unknown. 

ft "yes" if X is finite-dimensional; general case unknown. 



8 Regularity in Milnor's sense 

Experience tells that if one tries to prove regularity in Milnor's sense for a Lie 
group G = [J nen G n , then regularity of the Lie groups G n does not suffice 
to carry out the desired arguments. But strengthened regularity properties 
increase the chances for success. 

Definition 8.1. Given k £ No, we say that a Lie group G is C k -regular if it 
is a regular Lie group in Milnor's sense and 

evol G : G°°([0, 1], L(G)) — > G 

is smooth with respect to the C fc -topology on G°°([0, 1], L(G)) (induced by 
C*([0, 1],L(G))). If each 7 e G fc ([0, 1],L(G)) has a product integral ?? 7 and 
the map 

evolc : C k ([0, 1], L(G)) — > G , 7 h-» r? 7 (l) 

is smooth, then we say that the Lie group G is strongly C k -regular. 

E.g., every Banach-Lie group is strongly G°-regular [GN08]. Although much of 
the following remains valid for G fc -regular Lie groups, we shall presume strong 
G fc -regularity, as this simplifies the presentation. We also suppress possible 
variants involving bounded regularity instead of compact regularity. All results 
presented in this section are taken from |DG08j . 

In the regularity proofs for our main classes of direct limit groups, we 
always use an isomorphism G fc ([0, 1], \imE n ) = lim G fe ([0, 1], E n ) at a pivotal 
point. Let us begin with the elementary case of locally convex direct sums. 

Lemma 8.2. //(B„) ne n is a sequence of Hausdorff locally convex spaces, then 
C fe ([0,l],e„ eN £n) = e neN G fe ([0, !],£„), for all k G N„. 
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Sketch of proof. The locally convex direct sum 0„ eN E n = UneN^ 1 x ' ' ' x -^™) 
is compactly regular, because it is boundedly regular by |Bo871 Chapter 3, §1, 
no. 4, Proposition 5] and induces the given topology on each finite partial 
product (cf. Propositions 7 or 8 (i) in |Bo87[ Chapter 2, §4, no. 5]). Therefore 
C fe ([0, l],0„ eN £n) and 0„ eN C k ([0, 1], E n ) coincide as sets. Comparing 
O-neighbourhoods, we see that both vector topologies coincide (using that 
boxes are typical O-neighbourhoods in a countable direct sum). □ 

Remark 8.3. Although C°°([0, 1],KW) = U„eN C0C ([°> 1 ]> Rn ) as a set > the 
topology on the left hand side is properly coarser than the locally convex 
direct limit topology 0\ cx on the right hand side, because 

{7=(7nW N eC oc ([0,l],RW): (Vn6N)^(0)e]-l,l[) G O lcx 

is not a O-neighbourhood in C°°([0, l],fW) = lim C m ([0, 1],R( N )). Thus 

" meNo 

Lemma [8.21 becomes false for k = oo, explaining the need for C -regularity 

with finite k. 

Weak direct products of Lie groups. If k £ No and (ff fl )„gn is a sequence 
of strongly C fe -regular Lie groups, then JlneN H n is strongly C fe -regular (and 
hence regular) since its evolution map can be obtained as the composition 

C fe ([O,l],0 n L(tf„)) ^ n C*([O,l],L(fl n )) H* n H n 

(cf. Proposition [47] for the definition and smoothness of ©nevoid). 

Test function groups. Given a cr-compact, finite-dimensional smooth 
manifold M and a C fc -regular Lie group H, pick a locally finite family (M n )„ £ N 
of compact submanifolds with boundary of M, the interiors of which cover M. 
Then standard arguments (based on suitable exponential laws for function 
spaces) show that H n := C r (M n , H) is C fc -regular, for each n £ N. The map 
a: C r c (M,L(H)) -» 0„ C r (M„, L(H)), 7 (7|mJ„gn is continuous linear 
and hence also the map r := C fe ([0, 1],ct) from C fe ([0, 1], CJ(M,L(F))) to 
C k (h 1], 0„ C r (Af„, L(#))) S 0„ C fc ([0, 1], C r (M„, L(iT))). Furthermore, 

P : G := C£(M, F) - n; eN ^(M„, H) , 7 ~ (tImJ^n 

is an isomorphism of Lie groups onto a closed Lie subgroup (and embedded 
submanifold) of the weak direct product P. Using point evaluations, one finds 
that the composition 

evolpor = ® n evo\ Hn or: C r c (M,H) - UleN ' \ M n, H) 

(which is smooth by the preceding example) takes its image in the image of p. 
Then / := p- 1 o cvol P o r : C* fe ([0, 1], C c r (M, L(H))) -> C r c {M,H) is a smooth 
map, and one verifies using point evaluations that / = evolc- 
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A similar (but more complicated) argument shows that Diff c (M) is regular. 

Ascending unions of Banach Lie groups. As a preliminary, observe that 
regularity in Milnor's sense (and strong G fc -regularity) can be defined just 
as well for local Lie groups G; in this case, one requires that a smooth 
evolution evolc exists on some open O-neighbourhood in G°°([0, 1], L(G)) 
(resp., C k ([0, 1], L(G))). In the case of global Lie groups, the local notions 
of regularity are equivalent to the corresponding global ones (see [DG08] and 
|GN08j ; cf. |KM971 lemma on p. 409]). See [Sm78j for the next theorem (and 
|Mj83| or |Sm83|, Theorem 1.7.2] for a variant beyond compact regularity). 

Theorem 8.4. Consider a Hausdorff locally convex space E which is the 
locally convex direct limit of Hausdorff locally convex spaces Ei C E2 Q ■ ■ ■ . 
If E = UneN En ^ compactly regular, then the natural continuous linear map 

limG([0,l],£„) ->C([0,1],S) 

is an isomorphism of topological vector spaces. 

Remark 8. 5. If E is a locally convex space which is integral completely then 

C k ([0,l},E)^E k xC([0,l],£) (6) 

naturally via 7 i-» (7(0), . . . , 7 ( ' c ~ 1) (0), 7 (fc )), for each k G N. If E = YanE n is a 
locally convex direct limit of integral complete locally convex spaces and E = 
UneN En is compactly regular, then also E is integral complete. Moreover, ©, 
[431(e) and Theorem |8"H imply that 

limG fe ([0,l],£„) S G fc ([0,l],lim£„). (7) 

Alternatively, follows from Theorem[82Dbecause G fc ([0, 1],E) ^ G([0, 1],E) 
naturally if E is integral complete [DG08] . as follows from ^ and the fact 
that G([0, 1},E) S E m x G([0, 1], E) natura lly for each m g N, by a s uitable 
(elementary) variant of Miljutin's Theorem Mi66 provided in [DG08 . 

8.6 Assume that g = lJ ngN L(G n ) is compactly regular in Theorem 15.31 
Following |DG08j . we now ex pla in in the essential case where K = C that 
G is regular in Milnor's sensel^fl Let r > be as in the earlier parts of the 
proof and U n := B r y " ; (0). Because the BCH-series has the same shape for 
each iigN, one finds s > such that an evolution evoljj n exists as a map from 
G([0, 1], Bs (Gn) (0)) to U n , for each n G N. Since U n is bounded, Theoremgl] 
shows that evohj := lim cvo\ Un : U„ eN C (l°> 1], S s L(Gn) (0)) -» U := U„ eN U n 
is C-analytic and hence also exp G o evoly, which is a local group version of the 
evolution map for G. Hence G is regular and in fact strongly G°-regular. □ 

15 That is, every continuous curve 7 : [0, 1] — ► E has a Riemann integral in E LS00 . 

16 The real case follows easily via complexification on the level of local groups. 
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Using Theorem 15. 31 one readily deduces that Germ(A", H) and H* S {K, F) are 
strongly C°-regular, and also A x = \J neN A* if A = {j nen A n is compactly 
regular (see |DG08j ). The proof of compact regularity for GermDiff (A, X) is 
more involved, but eventually also boils down to Theorem 14.61 (see |Da08j ). 

An idea which might lead to non-regular Lie groups. An observation 
from DG08 might be a source of Lie groups which are not regular in Milnor's 
sense although they are modelled on Mackey complete locally convex spaces: 

Proposition 8.7. Suppose that, for each n S N, there exists a Lie group H n 
modelled on a Mackey complete locally convex space which is regular but not 
C" -regular because evolf/ re : C°°([0, 1], L(_ff n )) — > H n is discontinuous with 
respect to the C n -topology. Then G :— YineN is a Lie group modelled on 
the Mackey complete locally convex space L(G) = (§) neN L(H n ). It has an 
evolution evolc : C°°([0, 1], L(G)) — » G, but evolc fails to be continuous and 
thus G is not a regular Lie group in Milnor's sense. 



9 Homotopy groups of ascending unions of Lie groups 

We have seen that all main examples of ascending unions G = lJ neN G n of 
Lie groups admit a direct limit chart, and thus 

7r fe (G) = lim7r fe (G„) for all k € N (8) 

(see ll.3[) . Alternatively, many (but not all) of them are compactly regular. 
In this case, ([5]) holds by an elementary argument, but one has to pay the 
price that the proof of compact regularity may require specialized functional- 
analytic tools (like Wengenroth's theorem recalled above). 

It is an interesting feature that the approach via (weak) direct limit charts 
even extends to Lie groups G in which an ascending union UneN G n is merely 
dense (and to similar, more general situations). Weak direct limit charts (as 
defined in II. 2\i have to be replaced by certain "well-filled charts" then. The 
precise setting will be described now. Besides smooth manifolds, it applies 
to topological manifolds and more general topological spaces (like manifolds 
with boundary or corners). Given a subset A of a real vector space V, let us 
write conv 2 (A) := {tx + (1 - t)y : x, y S A, t S [0, 1]}. 

Definition 9.1. Let M be a topological space and (M a ) a£ A be a directed 
family of topological spaces such that M x := IJaeA M a is dense in M and all 
inclusion maps M a —* M and M a — > Mp (for a < (3) are continuous. We say 
that a homeomorphism <f>: U — > V C E from an open subset U C M onto an 
arbitrary subset V of a topological vector space E is a well-filled chart of M 
if there exist ao S A and homeomorphisms (j) a : U a — * V a C E a from open 
subsets U a Q M a onto subsets V a of certain topological vector spaces E a for 
a > ao such that the following conditions are satisfied: 
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(a) E a C E, E a C Ep if a < (3 and the inclusion maps E a —> E and E a — > 
are continuous and linear. 

(b) For all a > a , we have U a QU and </)|;y Q = Q . 

(c) For all (3 > a > a , we have U a C [/^ and </>/3|c/„ = <Pa- 

(d) C/oc:=Ua>a f/ « = t/nM -. 

(e) There exists a non-empty (relatively) open set C 1/ such that 
conv 2 (F (2) ) C V and conv 2 (V^ 2) ) C V^, where := U a >a Va and 

(f) For each a > ctg and compact set K C :— D V a , there exists 
(3 > a such that conv 2 (Ar) C Vp. 

Then := ^(V^) is an open subset of U , called a core of 4>- If cores of 
well-filled charts cover M , then M is said to admit well-filled charts. 

On a first reading, the reader may find the notion of a well-filled chart some- 
what elusive. Special cases of particular interest (which are more concrete and 
easier to understand) are described in |G108b[ Examples 1.11 and 1.12]. See 
[G108b] Theorem 1.13] for the following result. 

Theorem 9.2. Let M be a Hausdorff topological space containing a directed 
union := [J aeA M a of Hausdorff topological spaces M a as a dense subset, 
such that all inclusion maps M a — > Mp (for a < 0) and M a — » M are 
continuous. If M admits well-filled charts, then 

7Tfe (M, p) = lim 7Tfe (M a , p) for all k G No and p G . 

For a typical application, let H be a Lie group, m G N, S(R m ,L(H)) 
be the Schwartz space of rapidly decreasing L(i7)-valued smooth functions 
on R m , and S(R m ,H) be the corresponding Lie group, as in BCR81J (for 
special H) and |Wa08j . Then C™(M. m ,H) = \J neN C^ n n]m (R m , H) is dense 
in <S(M m , H), and S(R m ,H) admits well-filled charts |G108bl Example 8.4]. 
Using Theorem 19 . 2 1 and approximation results from |Ne04aj . it is then easy to 
see that 

w k (S(R m ,H)) = \mi7r k (C^ nMm (R m ,H)) Si w k (C™(R m ,H)) 

- Tr k (C a (R m ,H)) = n k (C(S m ,H)*) = n k+m (H) 

(see |G108b[ Remark 8.6]). This had been conjectured in [BCR81] and was 
open since 1981. 

10 Subgroups of ascending unions and related topics 

We now discuss various results concerning subgroups of ascending unions of 
Lie groups (notably for direct limits of finite-dimensional Lie groups). 
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Non-existence of small subgroups. It is an open problem whether infinite- 
dimensional Lie groups may contain small torsion subgroups [Ne06[ p. 293]. 
For direct limits of finite-dimensional Lie groups, the pathology could be ruled 
out by proving that they do not contain small subgroups |G107al Theorem A] : 

Theorem 10.1. If G\ C G 2 Q • ■ ' * s a direct sequence of finite- dimensional 
Lie groups, then the Lie group G = lim G n does not have small subgroups. 

Idea of proof. Given a compact identity neighbourhood C\ C G\ which does 
not contain non-trivial subgroups of G\ , there exists a compact identity neigh- 
bourhood Ci C G2 with C\ in its interior relative G2, which does not contain 
non-trivial subgroups of G2 (see |G107al Lemma 2.1]). Proceeding in this way, 
we find a sequence (G„)„ e N of compact identity neighbourhoods C n C G n 
not containing non-trivial subgroups, such that C n C G° +1 for each n. Then 
C := UneN^™ i s an identity neighbourhood in G and we may hope that C 
does not contain non-trivial subgroups of G. Unfortunately, this is not true 
in general, as the example K^ N ^ = UneN-^" = UneN C n with C n := [— n, n] n 
shows. However, if the sets C n are chosen carefully (which requires much 
work) , then indeed C will not contain non-trivial subgroups [G107a] . □ 

We mention that an analogous result is available for certain ascending unions 
of infinite-dimensional Lie groups Gi C G2 C • • • (see |G107al Theorem B]). 
To enable compactness arguments, each G n has to be locally k^ or each G n 
a Banach-Lie group and the tangent map L(A„): L (G„, ) — » L(G Jl+ i) of the 
inclusion map A n : G n — > G n +i a compact operator 1 17 l 

Initial Lie subgroups. If G is a Lie group and H C G a subgroup, then H 
is called an initial Lie subgroup^^ if it admits a Lie group structure making 
the inclusion map 1: H — > G a smooth map, such that L(t) is injective and 
mappings from C k -manifolds M to H are G fe if and only if they are C k as 
mappings to G, for each k 6 N U {00}. 

Answering an open problem from |Ne06j in the negative, it was shown 
in G108a] that subgroups of infinite-dimensional Lie groups not be initial 
Lie subgroups. In fact, one can take G = R N (with the product topology) and 
H = £°° (see |G108a| Theorem 1.3]). For direct limits of finite-dimensional 
Lie groups, G = {J nelfi G ni it was already shown in }G105b] that every sub- 
group H C G admits a natural Lie group structure. By |G108a[ Theorem 2.1], 
this Lie group structure makes H an initial Lie subgroup of G and thus the 
preceding pathology does not occur for such direct limit Lie groups G. 



Further technical hypotheses need to be imposed, which we suppress here. 
Some readers may prefer to omit the second condition, or allow M to be a manifold 
with C fc -boundary, with corners or (more generally) a C^-manifold with rough 
boundary (as introduced in [GN08j h The following results carry over to these 
varied situations (see [G108a| h 
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Continuous one-parameter groups and the topology on L(G). If 

G = UneN ^ s a direct limit of finite-dimensional Lie groups, then every 
continuous homomorphism (R, +) G (i.e., each continuous one-parameter 
subgroup) is a continuous homomorphism to some G n (by compact regularity) 
and hence smooth. It easily follows from this that the natural map 

9 : L(G) -» Hom cts (M, G) , ^(tw cxp G (iir)) 

is a bijection onto the set Hom c t s (R,G) of continuous one-parameter sub- 
groups of G. It was asked in |Ne061 Problem VII. 2] whether G is a topological 
group with Lie algebra in the sense of [HM07, Definition 2.11]. This holds if 
9 is a homeomorphism onto Hom cts (M, G), equipped with the compact-open 
topology (which is not obvious because exp G need not be a local homeomor- 
phism at 0). As shown in |G108a[ Theorem 3.4], the latter property is always 
satisfied. Thus L(G) is determined by the topological group structure of G. 
E.g., this implies that every continuous homomorphism from a locally expo- 
nential Lie group to G is smooth IG108al Proposition 3.7] (where a Lie group 
is called locally exponential if it has an exponential function and the latter 
is a local diffeomorphism at 0). It is an open problem whether continuous 
homomorphisms between arbitrary Lie groups are automatically smooth. 
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